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Abstract. In this note we show that, if B is separable Banach space, 
then there is a biorthogonal system {x n , x* n } such that, the closed linear 



span of {x n }, {{x n }) = B and \\x n \\ |[a£|| = 1 for all n. 



1. Introduction 



In 1943, Marcinkiewicz [M] showed that every separable Banach space B 



has a biorthogonal system {x n ,x*} and {{x n }) = B. This biorthogonal sys- 
tem is now known as a Marcinkiewicz basis for B. A well-known open prob- 
lem is whether one can choose the system {x n ,x*} such that \\x n \\ ||x*|| = 1 
(see Diestel [D])- This is called the M-basis problem for separable Banach 
spaces. The problem has been studied by Singer [SI], Davis and Johnson 
[DJj . Ovsepian and Pelczyhiski [OP] . Pelczyhiski [PE] and Plichko [PL] . 
The work of Ovsepian and Pelczyhiski [OP] led to the construction of a 
bounded M-basis, while that of Pelczyhiski [PE] and Plichko [PL] led to in- 
dependent proofs that, for every e > 0, it is possible to find a biorthogonal 
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system with the property that \\x n \\ || < 1 + e. The purpose of this note 
is to show that we can find a biorthogonal system with the property that 

\\%n || ll-^n II = 1" 

1.1. Preliminaries. 

Definition 1.1. Let B be an infinite- dimensional separable Banach space. 
The family {xi} c *L l C B is called: 

(1) A fundamental system if ({xj : j £ N}} = B. 

(2) A minimal system if Xi ^ ({xj : j G N\ {i}}}. 

(3) ^4 total i/ for each x / i/iere exists i £ N such that x*(x) / 0. 

(4) A biorthogonal system if x*(xj) = Sij, for all i,j G N. 

(5) A Markushevich basis (or M-basis) if it is a fundamental minimal 
and total biorthogonal sequence. 

To understand the M-basis problem and its solution in a well-known set- 
ting, let M 2 have its standard inner product ( -, • ) and let x±, X2 be any two 
independent basis vectors,. Define a new inner product on R 2 by 



where ti, t 2 > 0, t\ + 12 = 1. Define new functionals S\ and S 2 by: 



(y I z) = ti (x 1 (g> x x ) (y <g> z) + t 2 (x 2 <£> x 2 ) (y <8> z) 



(1.1) 



= h (y, (z, x ± ) + t 2 (y, x 2 ) (z, x 2 ) 



Si(x) = 



(x j Xi) 



S 2 (x) = 



(x I x 2 ) 



for y G M 2 . 



cti {x\ I X\) ' 



a 2 (x 2 I x 2 ) 
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Where a±, a 2 > are chosen to ensure that ||5i|| = H-S^H = 1- Note that, if 
(xi,X2) = 0, Si and S2 reduce to 



S 1 (x) = -&plr, S 2 (X)- ( '' 



Oil \\Xl\\ OL 2 ||X2|| 

Thus, we can define many equivalent inner products on M 2 and many linear 
functional with the same properties but different norms. 

The following example shows how this construction can be of use. 

Example 1.2. In this example, let xi = ei and X2 = ei + e 2 , where ei = 
(1,0), e 2 = (0, 1). In this case, the biorthogonal junctionals are generated by 
the vectors x~i = ei—e 2 and x 2 = e 2 (i.e., x\{x) = (x, xi) , x\(x) = (x, x 2 )). 
It follows that {xi,x 2 ) = 0, (xi,xi) = 1 and (x 2 ,xi) = 0, (x 2 ,x 2 ) = 1. 
However, \\xi\\ \\xi\\ = \/2, ||x2|| ||x2|| = a/2, so that {xi,(-, xi)} and 
{x 2 , ( •, x 2 )} fails to solve the M-basis problem on M 2 . 

In this case, we set cti = 1 and a 2 = \\x 2 \\ so that, without changing xi 
and x 2 , and using the inner product from equation (1.1) in the form 

(x I y) = h (x, xi) (y, Xi) + t 2 (x, x 2 ) (y, x 2 ) , 

Si and S 2 become 



\\xi\\ \\x 2 \\ 



It now follows that Si{xi) = 1 and Si(xj) = for i 7^ j and HS'JI = 1, 
so that system {xi,Si} and {x 2 ,S 2 } solves the M-basis problem. 
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Remark 1.3. For a given set of independent vectors on a finite dimensional 
vector space, It is known that the corresponding biorthogonal junctionals are 
unique. This example shows that uniqueness is only up to a scale factor and 
this is what we need to produce an M-basis. 

The following theorem is one of the main ingredients in our solution to 
the general M-basis problem. (It is a variation of a result due to Kuelbs 



Theorem 1.4. Suppose B is a separable Banach space, then there exist a 
separable Hilbert space % such that, B GT~L as a continuous dense embedding. 

Proof. Let {u n } be a countable dense sequence in B and let {u^} be any 
fixed set of corresponding duality mappings (i.e., it* E B* , the dual space 



sequence of numbers such that X^Li = 1j an d define an inner product 
on B, (u,v), by: 



It is easy to see that (u, v) is an inner product on B. Let T~L be the completion 
of B with respect to this inner product. It is clear that B is dense in H, and 



[KB].) 



of B and w*(u n ) = (u n ,u* n ) 




1). Let {t n } be a positive 





n 



so the embedding is continuous. 



□ 
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1.2. The Main Result. The following theorem shows how our solution to 
the M-basis problem for M 2 can be extended to any separable Banach space. 

Theorem 1.5. Let B be a infinite- dimensional separable Banach space. 
Then B contains an M-basis with the property that \\xi\\ B \\x*\\ Bt = 1 for 
all i. 

Proof. Construct H via Theorem 1.3, so that B C H is a dense continuous 
embedding and let {xi} c *L l be a fundamental minimal system for B. If 
i £ N, let Mi^i be the closure of the span of {xj} in %, where j ^ i (i.e., 
Mi, H = {{xj}\j €Nj^Tj). Thus, Xi G M± H , M i>H © M± n = U and 
{y,Xi) H = for all y G M m . 

Let Mi be the closure of the span of {xj j / i} in B. Since Mi C M^ 
and Xi ^ Mi, (y, Xi)u = for all y G Mj. Let the seminorm pj( • ) be defined 
on the closure of the span of {x^, ({xi}) by Pi(y) = \\xi\\ B and define 

x*(-)by: 

ii ii2 
\\ x i\\H 

By the Hahn-Banach Theorem, x*( ■ ) has an extension x*( ■ ) toB, such that 
kKy)! ^ Pi(y) = IMIb f° r an V ^ By definition of Pi(-), we see 

that ||ar*|| B » < ||a;j||g. On the other hand x*(xi) = \\xi\\ B ^ ll^ille ll^i lis*' 
so that x*(-) is a duality mapping for X{. If x*(x) = for all i, then 
x G f)~i M i = {°l so that the family {x*}°^ is total. If we let ||xj|| B = 1, 
it is clear that x*(xj) = 5ij, for all i,j G N. Thus, {xi,x*} is an M-basis 
system with \\xi\\ B \\x*\\ B , = 1 for all i. □ 
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